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Linear Homogenous Recurrence Relations

Consider the following recurrence relations.

(1) Gs = 3Gn_1+ Gn_2
(1) @, =3a,_1+5H
{(iil) @, =3a,_1+ Ao G,_3
(V) = Jtn_1 + fln_e + V2a, s
v) = 3y + ne_s

Recurrence relations (i), (ii), (iii), and (iv) are recurrence relations with con-

stant coefficients. Recurrence relation (v), a4, = 3a,-1 + na,—2, 15 not a relation
with constant coetficients. Notice that (i} is a linear homogeneous recurrence

Linear Homogenous Recurrence Relations : Py
-

A sequence s, §1, §2, ..., 5, ... is said to satisfy a linear homogeneous recurrence
relation

Ay = 1y T Gl ot Gl s+t gl G 70 (8.32)

of order k with constant coefficients it 5, = a15,_1 + ms_e + 555 + - + CeSn_p.

AY

It a sequence 5, 51, §2,. .., §,,... satisfies a linear homogeneous recurrence rela-
tion, then the sequence s, 5, %,. .., 5,... is also called a solution of that recur-
rence relation.

A
Consider the recurrence relation a, = 3a,_1. This is a linear homogeneous recur-

rence relation of order 1. Let { be a nonzero number and suppose a, = " for
all n = 0. Then a, = 3a,_; implies that {" = 31" 1. Therefore, ¢t = 3. Thus, we
find that a, = 3". Hence, the sequence 1,3, 82,85 . 8" . is a solution of the
recurrence relation a, = 3a,_1.

=

Theorem 8.2.7; Let
fn = Cl@a-]1+ 2y, @#F0, n=1 (8.54)

be a linear homogeneous recurrence relation with constant coethicients.
Let ¢ be a nonzero real number. Then the sequence {¢"}] satisfies the above
recurrence relation it and only if -

£ — at—p=0. (8.35)
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Leta, = oa, 1+ 2, _s, ix 7 0, n = 1 be a linear homogeneous recurrence rela-
tion with constant coefficients. The equation

=t —=0
is called the characteristic equation of the recurrence relation. \
Theorem 8.2.9: Let 4
Gn = €1an-1+ (28n-3, N = 1 (8.37)

be a linear homogeneous recurrence relation of order 2, where ¢ and
are constants and & # 0

(i) If the sequences {s,} and {#,] satisfy (8.37), then for any constants b
and d, the sequence {hs, + dp,} satisfies (8.37).
(ii)  Let r be a root of the characteristic equation

2 —gt— =20 (8.38)
of (8.37). Then the sequence {r"} is a solution of (8.37).
N
Theorem 8.2.10: Suppose that a sequence {d,} is a solution of the

recurrence relation (8.37). If n and » are the distinct roots of the
characteristic equation (8.38), then there exist constants & and o, which

A

Corollary 8.2.11: Suppose that

ay = dly, a] = d

are the initial conditions for the recurrence relation (8.37), where o, and
dy are constants. Further suppose that 1 and » are the roots of (8.38). If
rn 7 12, then there exist constants b and «, which are to be determined by
initial conditions, such that the solution of the recurrence relation (8.37) is

A

=0 L, A=01
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ExAmPLE 8.2.12

In this example, we solve the following linear homogeneous recurrence relation:
iy = Tet,—1 — 10a, _o (8.41)

with initial conditions

fay = 1 V

a; = 8,
The characteristic equation of the given recurrence relation is:
£ —7t+10=0.
Next, we find the roots of this equation. Now,
= Tt+10=(t—=5)(1—2)
and so
(t = DB)(t—2)=1.

This implies that the roots of the characteristic equation are { = 5, and ¢ = 2. The
roots are distinct. By Theorem 8.2.10), there exist constants ¢ and ¢, which are to
be determined from initial conditions, such that

i, = 00" + 2%, n=0.
\J
A
We substitute » = () and n = 1, respectively, to obtain

ay = 1 T G,
= Hhe + 2.

Using the initial conditions, we get

£+ e =1,
hg + 2. =8
——
A\
Solving these equations for ¢ and @, we get ¢ = 2 and & = —1. Hence,

i, =2-5"=2"  n=I.

Hence, the sequence {2 - 5" — 2"} is the solution.
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Theorem 8.2.13: Suppose that a sequence {s,} is a solution of the
recurrence relation (8.37). If np and » are the roots of the characteristic
equation (8.58) such that 11 = % = r, then there exist constants b and
¢, which are to be determined, such that the solution of the recurrence

relation (8.37) 1s

Ssp = 0" +dnr®, n=0,1,....
’

07

are the initial conditions for the recurrence relation (8.37), where dy and
dy are constants. Further suppose that n and % are the roots of (3.38)
such that r = mn = r. Then there exist constants § and ., which are to be
determined from initial conditions, such that the solution of the recurrence
relation (B.37) is

Corollary 8.2.14: Suppose that
iy = iy, a1 = dh

Gn = " +dur®, u=0,1,....
y

A

In this example, we solve the following linear homogeneous recurrence relation:

iy, = 4“:'.'—] T 4{'5:1.'—2
with initial conditions
fan = 4
a = 12,

The characteristic equation of this recurrence relation is the quadratic equa-

tion

2 —4t+4=0.

We find the roots of this equation. Now,

-4t 4=t =2t —2)

and so

(=2t =2 =1
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This implies that the roots of the characteristic equation are { = 2, and { = 2. The
roots are not distinct. Therefore, by Theorem 8.2.13, there exist constants ¢ and
¢z, which are to be determined from initial conditions, such that

e = 12" + n2™, nw=01,....
We substitute n = () and r» = 1, respectively, to obtain

iy = 1

i = 20 + 2.
Using the initial conditions, we get
i =4,
20 + 26 =12
Solving these equations for ¢ and @, we get ¢ = 4 and & = 2. Hence,
g = 9% LB B B DL L pontl g ot o oygEL s

Thus, we find that the sequence {in + 212°+1} is the solution.

ALY

My = Clp—] + (282 + 50p—3 + +** + Chln_k, Ck ié () {842:}

Theorem 8.2.16; Let

be a linear homogeneous recurrence relation with constant coefhicients.
Let { be a nonzero real number. Then the sequence {"} is a solution of the
above recurrence relation if and only if

!,‘rz o t’.‘lltﬂ_l 5ot !:Ein_ﬂ — F-g}ltu_?' e L.*tn—.k =n
-

4
Let a, = 01@u—1 + Glu—2 + 5853 ++++ + Chelu_p, cx 7 () be a linear homogeneous
recurrence relation with constant coefficients. The equation

B 1 .!jr_] = .rgg.t"_E — .r;,;:fj"_'kji — e — g =0

is called the characteristic equation of this linear homogeneous recurrence rela-
tion.
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To obtain the characteristic equation of the recurrence relation @, = ¢ja,_ +
-2+ (-3 T -+ Gelui, ¢ 7 (), substitute a, =", # (), to get

I:” = FI|£H_] _|_ Ir.IEI!H_E _|_ Ir.I:-aI!ll_:i _|_ kit _|_ IFkIH_jI..

Thus,
("= qt" !+ ot 2 4 gt e gt
N LI el O PR AL 1o |
= (ARt 2 S ) =0,
Because ¢ # (0, we have, ¢ — ¢t — ot*2 — gt — ... — ¢, =0, which is the

characteristic equation.

v

SN

Ay = O p—1 + &2+ B@p_3+ -+ GhGr_k (¥.44)

Theorem 8.2.19: Let

be a linear homogeneous recunrence relation of order k, where ¢, & 0 and
€1, f2, €4, .. ., and ¢ are constants. Let

th —otFl — gttt gt . g =0
be the characteristic equation of (8.44).

(i)  If the sequences {s5,}7° , and {f,,}7° , are solutions of (8.44), then for
any constants b and d, the sequence {bs, + dp, 'ﬁiu 15 a solution of
(8.44).

(i) I r is a root of the characteristic equation, then the sequence 1, r,
¥2. . .r". . isasolution of (8.44).

(i) I n, ., . ... %are distinct roots of the characteristic equations, then
there exist constants M, b, B, ..., b, which are to be determined

from initial conditions, such that a solution of (8.44) is given by

i — |'I.il]_'i"]Jr -+ fﬁz?’; -+ !53?'_‘: 4+ - 4 {?_Il'l":,
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(iv) If r 15 a root, of multiplicity m, of the characteristic equation, then
Sy =) n s DRy 2 o=l = .
Gp = T, g =7, G =n7",...,8and g, = = r" are solutions of

(8.44).
(v) Suppose that

A ) O L B |

are the initial conditions for the recurrence relation (8.44), where
g, 1, ..., and d,_1 are constants. If n, », ..., and » are ¢ distinct
roots of the characteristic equation with multiplicities my, ma, ..., m
and m; + mz + - - - + my = k, then there exist constants ¢;, which are
to be determined from the inital conditions, such that the solution
of the recurrence relation (8.44) is

(G - |
ﬂﬂ = l,_f.“ﬂ —I— F{]] 7 —|—... _|_ rﬂm| ﬂm, ]_rl;i-
+ et en e+ n™
+. i3 + [r‘“:l + ﬂ!‘ln +.. .+ r?,m"n'w‘_l]r’"! n = ﬂ: l:-. . an

~—

A

A linear nnnhﬂmﬂgeneous recurrence relation with constants coetficients s a re-
currence relation of the form

Uy + a1 + -+ Gettui = f(0), (8.55)

where ¢, i =1,2,... k, are constants, ¢, # 0, and f{n) i1s a nonzero real-valued
function.

It f{n) =10, then (8.535) isa linear homogeneous equation (which we discussed
in the previous section). There is no known general method for solving nonho-
mogeneous linear recwrrence equations. However, we can develop a method for
solving the special case

08+ 081+ T Gy = Bplm), (8.56)

where f 15 a constant and fi( %) is a polynomial in n.
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Linear Nonhomogenous Recurrence Relations

Consider the recurrence

i, + 5, + Ba,_o = 5",

Thisis a nonhomogeneous recurrence relation of the form (8.56). Here k = 2, V

h=3, and pin) = L.
/ A
Consider the recurrence
a, +5ha, | +6a, « =3"(n"+ 6n +5).

Thisis a nonhomogeneous recurrence relation of the form (8.56). Here k = 2,
h=3, and pin) = w4 6+ 5.
Linear Nonhomogenous Recurrence\Rela
Theorem 8.3.5; Let

Gat Q811 Gosf = f(5) (8.62)

be a nonhomogeneous recurrence relation, where ¢, i = 1,2,... k, are
constants, ¢ # 0, and f(#} is a nonzero realvalued function. Suppose
{r.} 15 a particular solution of (8.62). Then {u,} is a solution of (8.62) if
and only if u, = r, + s, for all %, and {s,} is a solution of the associated
homogeneous part, a, + aa,—1+ - + G, = (.
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Theorem 8.3.6: Let
Gn Oy — bom, 311 (B.67)
be a nonhomogeneous linear recurrence relation, with the initial condition
fhy = #a, (8.68)

where ¢, b, 2, and g are constants, and 5 and # are nonzero. This
nonhomogeneous linear recurrence relation can be transtormed into the
following linear homogeneous recurrence relation:

dr — (b + dlan_1 + bday_s = 0, n=2

with the initial conditions @, = ¢ and a; = dg, + M.
Moreover,

(i) it & # d, then there exists a constant ¢, which is to be determined
from the inital condition, such that
Fue
a, = 6d" + ( =g
(iil) it & = d, then there exists a constant g, which to be is determined
from the initial condition, such that

Iy = pb" + unbd™.
X W

In this example, we use Theorem 8.3.6 to solve the recurrence relation
a, —4a, 1 =8, =m=1,
with the initial condition
iy = 1.
This is a recurrence relation of the form

ity — elen_1 = h"wu,
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Let {n,} be a solution of (8.83).
(i)  Suppose b # d. Then r, is of the form
rn = tpd" + 1" + comb”,

where gy, ), and & are some constants.

(i)  Suppose b = d. Then {r} is of the form
r = Gb" + anb" + ee®h",

where g, ¢, and & are some constants.

og
A\'
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Consider the recurrence relation

Gy — 3G, 1=2"4n+3), n=1 (R.94)
with initial conditions
thy = {}s
a; = 14.

This 1s a recurrence relation of the form
i, —da, 1 = " (un + v).

Here d =3, =2, u=4,and v = 3.

We can solve this recurrence by using the technique of Theorem 8.3.1() and

obtaining

iy = 03" + 2" + wn?”,

where @, 1, and @ are constants, which are to be determined from the initial

conditions.

N

Consider the recurrence relation

a,— 3, 1=2"4n+3), n=1 (8.94)
with initial conditions
ay = (),
a; = 14.

This 15 a recurrence relation of the form
a, — da,_1 = h"(un + v).

Here d=3,=2,u=4, and v = 3.
We can solve this recurrence by using the technique of Theorem 8.3.10 and
obtaining
a, = 3" + 12" + wn?2",
where g, 1, and @ are constants, which are to be determined from the initial

conditions.

207
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Put n = 2 in (8.92} to get
a—3m=2°(4-2+3) = 44.
Because ) = 14, we get
=314 + 44 = B6.
Thus,

i a+e=0
'3+ 24-2=14
am=6a-3+a-2+u-2-22=86

]

This implies that
i+ o =10
3 +20+26 =14
9o+ 4e1 + 8w = B

We solve these equations tor ¢, ¢, and & to obtain ¢ = 30, ¢ = =30, and ¢ = —8.

Thus, we find that

a, = 30(3™) — 30(2") — 2", n =0, (8.95)
A

an + di a1 + -+ + di@u_i = b"p(n) (8.96)

Theorem 8.3.13; Let

be a nonhomogeneous linear recurrence relation, where fin) is a
polynomial of degree m. Then from this nonhomogeneous linear
recurrence relation we can obtain a linear homogeneous recurrence that
has following characteristic equation:

(e i B =0, (8.97)

Moreover, a solution of (8.96) is also a solution of the linear homogeneous
recurrence whose characteristic equation is given by (8.87).
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Linear Recurrences

There is a class of recurrence relations which can be solved analytically in general.
These are called linear recurrences and include the Fibonacci recurrence.
Begin by showing how to solve Fibonacci:

Solving Fibonacci

Recipe solution has 3 basic steps:
1) Assume solution of the form an =rn
2) Find all possible »’s that seem to make this work. Call these
assumed solution to general solution an = Arln +Br2n
3) Use initial conditions to find 4,8 and obtain specific sol

Plug this into a, = a,.1 + a, :
rn:rn-l +rn-2

Solving Fibonacci ®
1) Assume exponential solution of the form a@

Notice that all three terms have a common %

rn/rn-2:(rn-l+rn-2)/rn-29’,2_ +

actor, so divide this out:

This equation is called the characteriStic eq n of the recurrence relation.

2) Find all possible ’s that solve characteristic

T=p +1

neragolution is

Ar\" +Bry" where A,B are constants.

Call these r; and 7 .

Quadratic formula2
r=(1£v5)2
So ry = = (1-V5)/2
General soluti
21" +B [(1-V5)/2]"

an
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Solving Fibonacci

*
Use initial conditions ay= 0, a; = 1 to find 4, B and obtain specific solution.

0=ao=A [(1+V5)2]°+B [(1-V5)/2]’= 4 +B

1=a; = 4 [(1+N5)/2]' +B [(1-Y5)/2]' = A(1+5)/2 +B (1-V5)/2
= (A+B )2 + (4-B W5/2

First equation give B = -A. Plug into 2nd

1=0+24V5/2 so 4 =15, B=-1A5

Final answer:

1

(CHECK IT!)
&

1+J§]”_ 1 (1—\/5)"

Linear Recurrences with Constant Coefficient
Previous method generalizes to sol recurrence relations with constant
coefficients”:

DEF: A recurrence relation is

o be linear if an is a linear combination of the
previous terms plus a function of n. l.e."f® squares, cubes or other complicated function
of the previous ai can occug If in addition all the coefficients are constants then the
recurrence relation is said jo haye coﬂtant coefficients.

Linear Recurrences stant Coefficients

Q: Which of the g are linear with constant coefficients?

4. Partition function:

n—1

P, =3 p-Cln—Ln-1-i)

i=0
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Linear Recurrences with Constant Coefficients

1. a,=2a,;: YES
2. a,=2a,,+2"-a,;: YES

2 o . . .
3. a,= a,.1": NO. Squaring is not a linear operation. Similarly a, =
cos(ay,.») are non-linear.

n—l1

4. Partition function: P, = Zpl- -C(n—1,n—1-1) NO.
i=0
This is linear, but coefficients are not constant as C (n -1, n - isd@ non-constant

function of n. :
Homogeneous Linear Recurrences < ’
To solve such recurrences we must first know h solve an easier type of recurrence
relation:
DEF: A linear recurrence relation is sa be ogeneous if it is a linear combination
itho

of the previous terms of the recurrence additional function of n.

Q: Which of the following are homogen
1. a,=2a,,
2. ap=2a,1t2,3—
3. Partition functi

Linear Recurr ith Constant Coefficients

n-1- ES
1+ 23 a,-3: No. There’s an extra term f(n) = "3

YES. No terms appear not involviﬁéothe previous p;
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Homogeneous Linear Recurrences with Const. Coeff.’s
The 3-step process used for the Fibonacci recurrence works well for general
homogeneous linear recurrence relations with constant coefficients. There are a few
instances where some modification is necessary.
Homogeneous — Complications

anything new from second root, so may not have enough i
formula with given initial conditions. We’ll see how to d

slide.

2) Non-real number roots in characteristic equation. If the sequence has periodic
behavior, may get complex roots (for example a, = -a,) - on’t worry about
this case (in principle, same method works before. except use complex
arithmetic).

Complication: Repeating Roots

EG: Solve a,=2a,.1-a,2, ap=1,
Find characteristic equation by plug

Since 72 - 2r +1 = (r -1)* the rét » =\l repeats.
If we tried to solve by using gener tion
a,=Ar)"+Bry" = A1"+B1" = A+B

solution by 7 so general solution looks like:
a,= Ar,"+Bnr,"

2=ap=A1'+B1-1'= 4+B
Plugging first equation 4 = 1 into second: 2 = 1+B implies B = 1.
Final answer: a,= 1+n
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The Nonhomogeneous Case

Consider the Tower of Hanoi recurrence (see Rosen p. 311-313)
a,=2a,.1+1.
Could solve using telescoping. Instead let’s solve it methodically. Rewrite:
ay - 261,1_1= 1

1) Solve with the RHS set to 0, i.e. solve the homogeneous case.

2) Add a particular solution to get general solution. I.e. use rule:

N\

General _ General Particular
Nonhomogeneous homogeneous Nonhomogeneous

a, - 2an_1 =1

1) Solve with the RHS set to 0, i.e. solve
a, -2a,1=
Characteristic equation: » - 2= 0
so unique root is ¥ = 2. Gengral so to homogeneous equation is
-2

an

o
The Nonhomogeneous Case %

The Nonhomogeneous Case

2) Add a particular lutioato get general solution for a, - 2a,.,= 1.

Use rule:
A
General _ General Particular
Nonhomogeneous | |homogeneous | Nonhomogeneous

the RHS is constant, the guess should also be a constant.'

So guess aparticular solution of the form b,=C.
Plug into the original recursion:
1=b,—-2b,.,=C—-2C=-C. Therefore C=-1.

General solution: a,= A-2"-1.
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The Nonhomogeneous Case

Finally, use initial conditions to get closed solution. In the case of the Towers of Hanoi
recursion, initial condition is:

ay = 1

Using general solution an = A4-2" -1 we get:

l=a;=42"-1=24-1.

Therefore, 2 =24, so 4= 1.

Final answer: a, = 2" -1

More Complicated

EG: Find the general solution to recurrence from the bit string e:

-3
ap = 2an-l + 2n - ap3 .
1) Rewrite as a,, - 2a,.1 + a,3= 2"3 and solve ho gche rt:
Characteristic equation: 7> - 27 +1 = 0. 0

1 1 [ L B S

More Complicated

rP-2r+l=(r-1)(r’
Quadratic formula on

r=(-1£5)2

/2, 13=(-1-\5)/2

solution:

ap=A + B [(-1tV5)/2]"+C [(-1-V5)/2]"

So r = 1, r
General h geneo
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More Complicated

2) Nonhomogeneous particular solution to a, - 2a,.; + a,3= 23

Guess the form b,=k 2". Plug guess in:
k2"-2k 2" ¥ 2 =2

Simplifies to: k£ =1.
So particular solution is b, = 2" Q

General __ | General n Particular
Nonhomogeneous |  |homogeneous | [Nonhomogeneous
: 4
Final answer:
a,=A + B [(-1+\5)/2]"+ C [(-1-N5)/2]" + 2"
%"
@
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